Abstract. We consider a non-standard mixed method for the Stokes problem in R n , n ∈ {2,3}, with Dirichlet boundary conditions, in which, after using the incompressibility condition to eliminate the pressure, the pseudostress tensor σ and the velocity vector u become the only unknowns. Then, we apply the Babuška-Brezzi theory to prove the well-posedness of the corresponding continuous and discrete formulations. In particular, we show that Raviart-Thomas elements of order k≥0 for σ and piecewise polynomials of degree k for u ensure unique solvability and stability of the associated Galerkin scheme. In addition, we introduce and analyze an augmented approach for our pseudostress-velocity formulation. The methodology employed is based on the introduction of the Galerkin least-squares type terms arising from the constitutive and equilibrium equations, and the Dirichlet boundary condition for the velocity, all of them multiplied by suitable stabilization parameters. We show that these parameters can be chosen so that the resulting augmented variational formulation is defined by a strongly coercive bilinear form, whence the associated Galerkin scheme becomes well posed for any choice of finite element subspaces. For instance, Raviart-Thomas elements of order k ≥ 0 for σ and continuous piecewise polynomials of degree k+1 for u become a feasible choice in this case. Finally, extensive numerical experiments illustrating the good performance of the methods and comparing them with other procedures available in the literature, are provided.
Introduction
In the last decade there has been an increasing interest in new mixed finite element methods for linear and nonlinear Stokes problems. In particular, the velocity-pressure-stress formulation and its natural applicability to non-Newtonian flows has gained notoriety in recent years. Among the main strengths of this and other related mixed formulations, we highlight the fact that, besides the original unknowns, they provide direct approximations of several other variables of physical interest. In addition, the stress-based formulations yield a unified analysis for linear and nonlinear flows. However, the increase in the number of degrees of freedom of the resulting discrete systems and the symmetry requirement for the stress tensor constitute the main drawbacks of the approaches involving this unknown. In order to circumvent these disadvantages two important ideas have already been suggested in the literature. The first one, which goes back to [13] consists of imposing the symmetry of the stress in a weak sense through the introduction of a suitable Lagrange multiplier (rotation in elasticity and vorticity in fluid mechanics). The second one, which is more appealing nowadays, is given by the use of the pseudostress tensor instead of the stress in the corresponding setting of the Stokes equations.
As a consequence of the latter idea mentioned above, two new approaches for incompressible flows, namely the velocity-pressure-pseudostress and velocity-pseudostress formulations, arised specially in the context of least-squares and augmented methods (see, e.g. [5, 7, 12] ). In fact, augmented mixed finite element methods for both pseudostressbased formulations of the stationary Stokes equations, which extend the results derived for the Lamé system in [15] , are introduced and analyzed in [12] . The corresponding augmented mixed finite element schemes for the stress-based formulations of the Stokes problem, in which the vorticity is introduced as the Lagrange multiplier taking care of the weak symmetry of the stress, had been previously studied in [11] . Other related methods for the steady Stokes problem, based on least-squares formulations with two or three fields among velocity, velocity gradient, pressure, vorticity, stress, and pseudostress, can be found in [2, 3, 6, 9] , and the references therein. Similarly, the extension of the results in [15] to the case of non-homogeneous Dirichlet boundary conditions in linear elasticity was provided in [14] . The use of the first Korn's inequality, as done in [15] , is not possible in this case, and hence, an additional consistency term, determined precisely by the Dirichlet boundary condition, had to be incorporated into the augmented formulation. This extra term yielded the application of a modified Korn's inequality, which turned out to be crucial for the analysis in [14] . The results from [15] and [14] were extended in [17] to three-dimensional linear elasticity problems, while keeping the same advantages of the 2D case in the resulting augmented formulation.
Interestingly, the mixed finite element methods for the pure velocity-pseudostress formulation of the Stokes equations, that is without augmenting or employing least-squares terms, had not been studied in details until [8] . It is shown there that Raviart-Thomas elements of order k≥0 for the pseudostress and piecewise discontinuous polynomials of degree k for the velocity lead to a stable Galerkin scheme with quasi-optimal accuracy. The pressure and other physical quantities (if needed) can be computed via a post processing procedure without affecting the accuracy of approximation. In the recent paper [18] we reconsider the pure velocity-pseudostress formulation from [8] and provide further related results. More precisely, we incorporate the pressure unknown into the discrete analysis, which does not necessarily yield an equivalent formulation at that level, and derive reliable and efficient residual-based a posteriori error estimators for both Galerkin schemes. It is important to remark that the idea of reintroducing the pressure in [18] is to allow further flexibility in approximating this unknown. To this respect, we show there that a Galerkin scheme for the velocity-pressure-pseudostress formulation only makes sense for pressure finite element subspaces not containing the traces of the pseudostresses subspace. Otherwise, both discrete schemes coincide and hence one obviously stays with the simplest one. Furthermore, the extension of the results from [18] to a class of nonlinear problems, particularly those studied in [16, 22] , has been provided recently in [19] . Indeed, in [19] we develop the a priori and a posteriori error analyses of the velocitypseudostress formulation as applied to quasi-Newtonian Stokes flows whose kinematic viscosities are a nonlinear monotone function of the velocity gradient of the fluid. The latter is introduced as an auxiliary unknown, and the pressure is eliminated using the incompressibility condition, whence the resulting variational formulation shows a twofold saddle point structure (as in [16] and [22] ). In addition, an augmented version of this formulation, which, thanks to its single saddle point structure, simplifies the requirements for well-posedness of the associated Galerkin scheme, is also introduced and analyzed. Now, in spite of the numerous contributions available in the literature concerning the application of pseudostress-based formulations in continuum mechanics, it is surprising to realize that most of them, except possibly [17] , have to do with 2D boundary value problems. According to the above, the purpose of the present paper is to extend the results provided in [12, 18] to the three-dimensional case. More precisely, in this first part we develop the a priori error analysis of the velocity-pseudostress formulation from [18] and its augmented version from [12] as applied to the Stokes problem in R n , n ∈ {2,3}. For simplicity we do not include the pressure unknown into our analysis since, similarly as observed in [12, 18] , the corresponding results arise from simple modifications of those obtained for the velocity-pseudostress formulations. In a subsequent paper we will address the corresponding a posteriori error analyses and the associated adaptive algorithms.
In order to describe the boundary value problem of interest, we now let Ω be a bounded and simply connected polyhedral domain in R n , n ∈ {2, 3}, and boundary Γ. Our goal is to determine the velocity u, the pseudostress tensor σ, and the pressure p of a steady flow occupying the region Ω, under the action of external forces. More precisely, given a volume force f ∈ [L 2 (Ω)] n and g ∈ [H 1/2 (Γ)] n , we seek a tensor field σ, a vector field u, and a scalar field p such that
where µ is the kinematic viscosity and div stands for the usual divergence operator div acting along each row of the tensor. As required by the incompressibility condition, we assume from now on that the datum g satisfies the compatibility condition
where ν stands for the unit outward normal at Γ. The rest of this work is organized as follows. In Section 2 we introduce the pseudostress-velocity approach and analyze the corresponding continuous and discrete formulations. In particular, we prove that Raviart-Thomas elements of order k ≥ 0 for the pseudostress and piecewise polynomials of degree k for the velocity yield unique solvability and stability of the Galerkin scheme. Next, in Section 3 we consider an augmented version of the pseudostress-velocity approach, whose resulting variational formulation is defined by a strongly coercive bilinear form. As a consequence, the corresponding Galerkin scheme becomes well posed for any choice of finite element subspaces. Finally, several numerical results illustrating the good performance of our mixed finite element schemes and comparing them with other methods available in the literature, are provided in Section 4.
We end this section with several notations, some of them already employed above and other to be used below. Given any Hilbert space U, U n and U n×n denote, respectively, the space of vectors and square matrices of order n with entries in U. In addition, I is the identity matrix of R n×n , and given τ := (τ ij ), ζ := (ζ ij ) ∈ R n×n , we write as usual
Also, in what follows we utilize the standard terminology for Sobolev spaces and norms, employ 0 to denote a generic null vector, and use C and c, with or without subscripts, bars, tildes or hats, to denote generic constants independent of the discretization parameters, which may take different values at different places.
The pseudostress-velocity approach

The continuous formulation
In this section we follow very closely [8, 18] to introduce and analyze the pseudostressvelocity approach for the Stokes problem. We begin by observing from the first equation in (1.1), using that tr(∇u) = div(u) in Ω, that the incompressibility condition div(u) = 0 in Ω can be stated in terms of the pseudostress tensor and the pressure as follows
Conversely, starting from (2.1), and using the first equation in (1.1), we recover the incompressibility condition div(u) = 0 in Ω. In other words, the pair of equations given by
is equivalent to
and therefore, instead of (1.1), we now consider:
(2.2)
Moreover, we proceed to eliminate the pressure, that is we replace p by − 1 n tr(σ) in the first equation of (2.2), which yields the following reduced problem with the pseudostress σ and the velocity u as the only unknowns:
Next, we adopt the usual procedure and test the two field equations of (2.3) with τ ∈ H(div;Ω) and v ∈ [L 2 (Ω)] n , respectively. In this way, noting that σ d : τ = σ d : τ d , integrating by parts the expression Ω ∇u:τ, and using the Dirichlet boundary condition, we arrive at the variational formulation:
and ·,· denotes the duality pairing
The following lemma establishes the non-uniqueness of the problem (2.4) and hence the need of reformulating it to guarantee its unique solvability. 
It is clear from the second equation of (2.5) that div(σ) = 0, and taking τ = σ in the first equation of (2.5), we deduce that σ d = 0, which yields σ = cI with c∈R. Finally, thanks to the surjectivity of the operator div:
] n , we conclude from the first equation of (2.5) that u = 0 in Ω. In fact, it suffices to take τ := ∇z, where z ∈ [H 1 0 (Ω)] n is the unique solution of the Dirichlet problem: ∆z = u in Ω, z = 0 on Γ .
In order to handle this non-uniqueness, we consider the well known decomposition
where
In fact, any τ ∈ H(div;Ω) can be uniquely decomposed as τ = τ 0 + dI, with
Then, we require from now on that σ belongs to H 0 . Equivalently, we are just going to look for the H 0 -component of the original pseudostress σ. The following lemma guarantees that the corresponding test space can also be restricted to H 0 , which throughout the rest of the paper is endowed with · div,Ω , the norm of H(div;Ω). Lemma 2.2. Any solution of (2.4) with σ ∈ H 0 is also solution of:
Conversely, any solution of (2.7) is also a solution of (2.4).
Proof. It is immediate that any solution of (2.4) with σ ∈ H 0 is also a solution of (2.7). Conversely, let (σ,u) be a solution of (2.7). Because of (2.6) it suffices to prove that (σ,u) also satisfies (2.4) if tested with (I,0), which can be seen to be true thanks to the compatibility condition (1.2) .
According to the previous lemma we now focus our analysis on problem (2.7). To this end, we first introduce the space Q := [L 2 (Ω)] n and the bilinear forms a :
and
Then, the variational formulation (2.7) can be rewritten as:
The following well known estimate is needed to prove that (2.9) is well-posed.
Lemma 2.3.
There exists c 1 > 0, depending only on Ω, such that
Proof. See Lemma 3.1 in [1] or Proposition 3.1 of Chapter IV in [4] .
Then we have the following main result, which was first established in [8, Theorem 2.3]. However, we provide here a slightly different proof adapted from the 2D analysis in [18] . 
Proof. It suffices to prove that the bilinear forms a and b satisfy the hypotheses of the Babuška-Brezzi theory. Indeed, given v in Q, we proceed as in the proof of Lemma 2.1 and let z ∈ [H 1 0 (Ω)] n be the unique weak solution of the boundary value problem:
Then, we letτ := ∇z, note thatτ ∈ H(div;Ω), and decomposeτ =τ 0 + c 0 I, withτ 0 ∈ H 0 and c 0 ∈ R. It follows that div(τ 0 ) = div(τ) = v, which proves that the bounded linear
] n is surjective, as well. Equivalently, the bilinear form b satisfies the continuous inf-sup condition, which means that there exists β > 0 such that
Now, let V be the kernel of the operator induced by b, that is
Then, applying Lemma 2.3, we find that for each τ ∈ V there holds 12) which shows that the bilinear form a is strongly coercive in V. Finally, a direct application of Theorem 4.1 in Chapter I of [20] completes the proof.
We end this section with the converse of the derivation of (2.9). More precisely, the following theorem establishes that the unique solution (σ,u) ∈ H 0 ×Q of (2.9) solves the original boundary value problem (2.3). Theorem 2.2. Let (σ,u) ∈ H 0 ×Q be the unique solution of (2.9). Then, there hold in the distributional sense
Proof. It is clear from the second equation of (2.9) that div(σ) = −f in Ω. Next, we recall from Lemma 2.2 that the occurrence of the first equation of (2.9) is equivalent to require it for each τ ∈ H(div;Ω). Hence, the other two identities follow by integrating backwardly the left hand side of this equation. We omit further details.
The Galerkin scheme
Let H σ 0,h and Q h be arbitrary finite element subspaces of H 0 and Q, respectively. Then, the Galerkin scheme associated with (2.9) reads:
In order to introduce explicit finite element subspaces guaranteeing the unique solvability and stability of (2.13), we now let {T h } h>0 be a regular family of triangulations of the regionΩ by tetrahedrons T of diameter h T such thatΩ = ∪{T : T ∈ T h } and define h := max{h T : T ∈ T h }. Here, the concept regular means that there exists a positive constant c, independent of h, such that
where ρ T is the diameter of the largest sphere contained in T. The faces of the tetrahedrons of T h are denoted by e and their corresponding diameters by h e . Certainly, we are assuming here that n = 3. In the case n = 2 we just need to replace tetrahedrons by triangles and faces by edges in what follows. Now, given an integer ℓ ≥ 0 and a subset S of R n , we denote by P ℓ (S) the space of polynomials of total degree at most ℓ defined on S. Then, for each integer k ≥ 0 and for each T ∈ T h , we define the local Raviart-Thomas space of order k (see, e.g. [4, 23] )
T is a generic vector of R n , and let RT k (T h ) be the corresponding global space, that is
We also let P k (T h ) be the global space of piecewise polynomials of degree ≤ k, that is
Then we introduce the following finite element subspaces of H 0 and Q, respectively,
Next, we provide the main approximation properties of these subspaces. For this purpose, we first let
) be the usual equilibrium interpolation operator (see, e.g. [4, 23] ), which, given τ ∈ [H 1 (Ω)] n×n , is characterized by the following identities:
It is easy to show, using (2.15) and (2.16), that 17) where
In addition, it is well known (see, e.g. [10] 
Furthermore, the operator E k h satisfies the following estimates (see, e.g. [4, 23] ): 1] , and that in this case there holds the following interpolation error estimate
Then, as a consequence of (2.18), (2.19), (2.20), (2.22) , and the usual interpolation estimates, we find that the subspaces H σ 0,h and Q h given by (2.14) satisfy the following approximation properties:
Having provided the above, we now establish the unique solvability, stability, and convergence of the Galerkin scheme (2.13) with the finite element subspaces given by (2.14). We begin the analysis with the discrete inf-sup condition for the bilinear form b. The original version of the corresponding proof was given in [8, Lemma 3.2].
Lemma 2.4. Let H σ
0,h and Q h be given by (2.14). Then, there exists β >0, independent of h, such that
Proof. Since b satisfies the continuous inf-sup condition (cf. (2.10) in the proof of Theorem 2.1), we just need to construct a Fortin operator Π h : H 0 −→ H σ 0,h . To this end, we first let G be a bounded convex polyhedral domain containingΩ. Then, given τ ∈ H 0 , we let z ∈ [H 1 0 (G)] n be the unique weak solution of the boundary value problem:
Thanks to the elliptic regularity result for (2.23) we have that z ∈ [H 2 (G)] n and
in Ω, and
According to the above, we define
It follows, using (2.17) , that
and hence for each
In addition, using the stability of the decomposition (2.6), and applying (2.19) (with m=1) and (2.24), we find that
,Ω , which shows that Π h is uniformly bounded. The above estimate and (2.25) prove that Π h becomes a Fortin operator, which finishes the proof.
We are now in a position to establish the following theorems (cf. [8, Theorem 3.3] 
Proof. Since div(H σ 0,h ) ⊆ Q h , we find that the discrete kernel of b is given by
which is clearly contained in V (cf. (2.11) ), the continuous kernel of b, and hence, thanks to (2.12), a is strongly coercive in V h as well. This fact, Lemma 2.4, and a direct application of the classical Babuška-Brezzi theory (see, e.g. Theorem 1.1 in Chapter II of [20] ) complete the proof. 
Proof. It follows from the Céa estimate (2.26) and the approximation properties (AP 
The augmented pseudostress-velocity approach
In this section we extend the results from [12] to the three-dimensional case.
The continuous formulation
We begin by enriching the formulation (2.9) with residuals arising from the modified constitutive equation, the equilibrium equation, and the Dirichlet boundary condition (all of them displayed respectively in (2.3)). More precisely, following the same procedure from [12, 14, 15] , we subtract the second from the first equation in (2.9) and then add the Galerkin least-squares terms given by
is a vector of positive parameters to be specified later. We notice that (3.1) and (3.3) implicitly require now the velocity u to live in the smaller space [
Thus, we propose to replace (2.9) by the following augmented variational formulation:
where the bilinear form A : H 0 × H 0 → R and the functional F : H 0 → R are defined by
In what follows we aim to show the well-posedness of (3.4). The main idea is to choose the vector of parameters (κ 1 , κ 2 , κ 3 ) in such a way that the bilinear form A(·,·) becomes strongly coercive in H 0 with respect to the norm · H 0 defined by
and then to simply apply the classical Lax-Milgram Lemma. Indeed, we first observe that
,Ω , and hence, according to the definitions of a and A(·,·) (cf. (2.8) and (3.5)), we find that
for each (τ,v) ∈ H 0 . Then, choosing κ 1 , κ 2 and κ 3 such that 0 < κ 1 < 2µ and 0 < κ 2 , κ 3 , and applying Lemma 2.3, we deduce that
where c 1 is the constant from Lemma 2.3, It follows from the previous inequality satisfied by A(·,·) and Lemma 3.1 that
where α := min{α 3 , c 2 α 2 }, which confirms the strong coerciveness of A(·,·). As a consequence of the above analysis we can establish the following main result. 6) ) is also bounded. Therefore, thanks to the Lax-Milgram Lemma, we deduce the existence of a unique (σ,u) ∈ H 0 solution to (3.4), which satisfies the stability estimate (3.10). Furthermore, it follows from Theorem 2.2 that the unique solution of (2.9) is also a solution of (3.4), and hence the solutions of both problems coincide.
It is important to remark here that the introduction of the equation (3.3) in the augmented formulation (3.4) is crucial to obtain, thanks to the inequality (3.8) (cf. Lemma 3.1), the term v 2 1,Ω in the estimate (3.9). However, when the Dirichlet boundary condition is homogeneous, that is g = 0, the equation (3.3) and the inequality (3.8) are not necessary since in this case the unknown u would live in [H 1 0 (Ω)] n , space where the usual norm and semi-norm of [H 1 (Ω)] n are equivalent.
The Galerkin scheme
We now let H σ 0,h and H u h be arbitrary finite element subspaces of H 0 and [H 1 (Ω)] n , respectively, and define H 0,h := H σ 0,h × H u h . Then, the Galerkin scheme associated with (3.4) reads: Find (σ h ,u h ) ∈ H 0,h such that 
Proof. It follows from a straightforward application of the Lax-Milgram Lemma and the corresponding Céa estimate.
At this point we find it important to make a remark concerning the choice of the vector of parameters (κ 1 ,κ 2 ,κ 3 ). In fact, besides the assumptions in Theorem 3.1, we may adopt as a criterion the maximization of the coerciveness constant α (cf. (3.9)). However, since the constants c 1 and c 2 from Lemmas 2.3 and 3.1 are not known explicitly, we simply aim to partially satisfy this goal. In this way, we can at least maximize the values of α 1 and α 2 (cf. (3.7) ) by choosing, respectively,
In particular, κ 1 = µ, which obviously satisfies the assumption κ 1 ∈ (0,2µ), yields κ 2 = 1/(2µ) and κ 3 =µ. This constitutes precisely one of the vector of parameters utilized in the numerical examples shown below in Section 4. However, any other choice of κ 1 ∈ (0,2µ) combined with (3.13) would certainly lead to a feasible set of parameters, as well. In particular, κ 1 = µ/4 gives κ 2 = 7/(8µ) and κ 3 = µ/4. In general, when other feasible set of parameters is used, the values of the individual and global errors may vary, but the corresponding rates of convergence must remain the same. This fact is illustrated below in Section 4. Now, in order to provide the rate of convergence of the augmented scheme (3.11) we need to consider a specific finite element subspace H 0,h . Indeed, with the same notations and definitions from Section 2.2, and given an integer k ≥ 0, we now let H σ 0,h be the finite element subspace defined in (2.14), and introduce the usual Lagrange finite element subspace of [H 1 (Ω)] n :
It is well known (see, e.g. [10] ) that H u h satisfies the following approximation property: 
Proof. It follows straightforwardly from the Céa estimate (3.12) and the approximation properties (AP σ 0,h ) and ( AP u h ).
We end this section by observing that the extension of the previous results in 2D (cf. [12] ) to the current a priori error analysis of the augmented scheme in 3D presents almost no difficulties. However, the computational implementation of the resulting algorithm, which yielded the numerical results shown next in Section 4, constitutes the most complex aspect of this extension. In addition, we remark in advance that further complexities emerge in the associated a posteriori error analysis (to be communicated in a separate work).
Numerical results
In this section we present four numerical examples in R 3 illustrating the performance of the mixed finite element schemes (2.13) and (3.11) . For examples in R 2 we refer to [12, 18] . In all the computations we consider the specific finite element subspaces H σ 0,h , Q h , and H u h given by (2.14) and (3.14) with k = 0. In particular, this means that the stress σ is approximated on each T ∈ T h with RT 0 (T), the local Raviart-Thomas space of order 0. In addition, similarly as in [12, 15] , the zero integral mean condition for tensors in the space H σ 0,h is imposed in both discrete schemes via a real Lagrange multiplier. Furthermore, as already mentioned in Section 3, the vector of parameters (κ 1 ,κ 2 ,κ 3 ) = (µ,1/(2µ),µ) is employed for the implementation of each one of the augmented schemes (3.11). We remark that, though we do not present all the corresponding tables here, the same rates of convergence are obtained with other sets of feasible parameters, which suggests the robustness of (3.11) with respect to the vector (κ 1 ,κ 2 ,κ 3 ). This fact is illustrated below in Example 2 (cf. Table 4 ) where we also display the results obtained with (κ 1 ,κ 2 ,κ 3 ) = (µ/4,7/(8µ),µ/4). In what follows, N stands for the total number of degrees of freedom (unknowns) of (2.13) and (3.11), which can be proved (see [17, Section 4] for details) to behave asymptotically as 9 and 6.5 times, respectively, the number of tetrahedrons of each triangulation. Also, the individual and total errors are given by where the approximate pressure p h is computed though the post processing formula suggested by the identity (2.1), that is p h = −(1/3)tr(σ h ). In addition, we define the experimental rates of convergence
, and r(σ,u) := log(e(σ,u)/e ′ (σ,u))
where e and e ′ denote the corresponding errors at two consecutive triangulations with mesh sizes h and h ′ , respectively. The examples to be considered in this section are described next. We take the kinematic viscosity µ = 1 in Examples 1, 2, and 3, and µ = 1/2 in Example 4. Example 1 is employed to illustrate the performance of the mixed finite element schemes when applied to a typical academic problem. Then, Examples 2 and 3 deal with two more realistic situations in fluid mechanics. Finally, in Example 4 we consider the standard test case given by a driven cavity, and compare the results provided by our methods with those obtained by the numerical techniques proposed in [24] [25] [26] , which are based on a velocity-vorticity formulation.
In 
In Example 2 we consider a 90 degrees elbow duct
and choose the data f and g so that the exact solution is given by
for all x := (x 1 ,x 2 ,x 3 ) t ∈ Ω, where p 0 ∈ R is such that Ω p = 0. In Example 4 we consider the cubic cavity Ω :=]0,1[ 3 , and take the right hand side f = 0 on Ω and the Dirichlet boundary condition
The numerical results shown below were obtained in a Pentium Xeon computer with dual processors, using a MATLAB code. In Tables 1 and 2 we summarize the convergence history of the mixed finite element schemes (2.13) and (3.11), respectively, as applied to Example 1 for sequences of quasi-uniform triangulations of the domain. In addition, the approximate pressure p h has been computed according to the post processing formula indicated above. We observe here that the experimental rate of convergence of each unknown tends asymptotically to the theoretical rate of convergence O(h) predicted by Theorems 2.4 and 3.3 (when s = 1). Then, in order to emphasize the good performance Table 1 : EXAMPLE 1, quasi-uniform scheme (2.13) . of our schemes, in Fig. 1 we display two components of the approximate (left side) and exact (right side) solutions for Example 1. Next, in Tables 3 to 6 we provide the convergence history of the mixed finite element schemes (2.13) and (3.11), as applied to Examples 2 and 3 for sequences of quasi-uniform triangulations of the respective domains. The approximate pressure p h is again computed via the post processing formula. We observe now that the experimental rates of convergence also tend asymptotically to the theoretical rate of convergence O(h) predicted by Theorems 2.4 and 3.3 (when s=1), but in a more oscillating way than in Example 1. Actually, these oscillations are more pronounced in Example 2 than in Example 3, which could be caused by the geometry more complicated of the former. Furthermore, the augmented scheme (3.11) seems to converge a bit faster than (2.13) in these examples, specially for Example 3 (cf. Tables 5 and 6 ). Nevertheless, both discrete schemes show very satisfactory performances, which is confirmed by Fig. 2 , where we display two components of the approximate (left side) and exact (right side) solutions, one for each example.
Finally, we utilize Example 4 to compare our schemes with those proposed in [24] [25] [26] , which are all based on a velocity-vorticity formulation and employ meshless BEM, traditional BEM-FEM, and multiquadrics methods, respectively. Actually, since Example 3 in [26] , which coincides with our present Example 4, already makes the comparison with the results obtained in the previous papers [24, 25] , we just proceed here to incorporate the numerical results arising from our schemes into the same kind of figures provided in [26] . The correspondence of the figures in this paper and in [26] is as follows In particular, Figs. 3 and 4 display some components of the approximate solutions obtained with our scheme (2.13). This includes an approximation of the vorticity unknown, denoted by ω := (ω 1 ,ω 2 ,ω 3 ) t , which is computed via a simple post-processing formula: curl operator applied to the velocity vector. For instance, Fig. 4(a) shows the resulting approximation for ω 1 , which confirms the expected symmetry with respect to the x and y directions. In addition, Figs [26] . We observe there that our results also capture the effect of wall at driven direction similarly as the results from the other papers do. The above analysis is repeated in Figs. 6 to 8 for the augmented scheme (3.11), obtaining the same conclusions. Now, while it is true that the profiles of our solution provided by Figs. 5 and 8, though showing the same trend, do not match exactly those given in [24] [25] [26] , it is also true that the remaining ten figures of this example do coincide with the corresponding figures in those works. Perhaps, the fact that we are using different variational formulations (primal them and dual-mixed us) explains some of the differences observed. In particular, their methods do not yield direct approximations of the stresses, as ours do. Any way, since the exact solution is not known, it is hard to identify the discrete solutions that yield a better approximation of the continuous solution. As a final remark, we would like to mention that, in general, the numerical results obtained with the augmented and non-augmented schemes look very similar and provide the same rates of convergence. The only differences between them have to do with the way they approximate the unknowns and with the resulting number of degrees of freedom involved. In fact, because of the strong coerciveness of the bilinear form A(·,·), one can choose any finite element subspace of H 0 ×[H 1 (Ω)] n for defining (3.11) , whereas the non-augmented scheme (2.13) requires subspaces of H 0 ×[L 2 (Ω)] n satisfying the corresponding discrete inf-sup conditions. In particular, with the finite elements employed in this section, the augmented and non-augmented approaches yield discontinuous and continuous approximations, respectively, of the velocity field. In addition, as commented at the beginning of this section on the value of N, (3.11) is cheaper than (2.13) by a factor of 2.5 times the number of tetrahedrons.
Summarizing, we believe that there is enough support to consider the mixed finite element schemes (2.13) and (3.11) as valid and competitive alternatives to solve the stationary Stokes equations in R 3 .
